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Abstract. We consider an infinite-channel queueing system with a regenerative
input flow. The service times are heavy-tailed, so that mathematical expectation
of service time is infinite. Therefore the number of customers in the system
increases with time.We investigate asymptotic behavior of the number of servers
busy at time t. We present a functional limit theorem that characterize growth
of this characteristics of the system.
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1.

Introduction

We consider an infinite-channel queueing system with a regenerative
input flow X(t). We investigate asymptotic behavior of the process q(t)
that is the number of servers busy at time t, t ≥ 0.
This model appears in many contexts other than queueing theory. One
example (for recurrent flow) is the number of colonies still in existence
at time t in a branching process with immigration. More generally, one
can consider a point process, where each point undergoes an independent
translation forward in time.
The service times are heavy-tailed, so that mathematical expectation
of service time is infinite. Because of this, the number of customers in the
system increases with time. Such model with recurrent flow was considered
in [2]. And one-dimensional analogue of central limit theorem for number
of customers in a system GI|G|∞ was proved there. We consider regenerative input flow and prove analogue of functional central limit theorem.
Regenerative flow includes many types of flows considering in queueing
theory. For example, recurrent, Markov-modulated, Markov Arrival flows
are regenerative [1]

2.

Main result

To begin with we give the definition of the regenerative flow.
Definition 1. The stochastic flow X(t) is called regenerative if
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X
— There exists filtration {F≤t
}t≥0 such that X(t) is measurable with
X
respect {F≤t }t≥0 .
— There is an increasing sequence of Markov moments {θj , j ≥ 0}(θ0 =
X
0) with respect to {F≤t
, t ≥ 0} such that the sequence
∞
{κj }∞
j=1 = {X(θj−1 + t) − X(θj−1 ), θj − θj−1 , t ∈ (0, θj − θj−1 ]}j=1

consists of independent identically distributed (iid) random elements.
Then {θj }∞
j=1 are called regeneration points of X(t) and τj = θj −θj−1 ,
(θ0 = 0) regeneration periods.
Service times {ηj }∞
j=1 form the sequence of independent identically distributed random variables with distribution function B(x). We assume
that the following condition is fulfilled
L(t)
, 0<∆<1
t∆
as t → ∞, where L(t) is slowly varying function as t → ∞.
It means that B(t) is regularly varying function. Note that condition
(2) implies that
Z t
β(t) =
B(y)dy → ∞, t → ∞
1 − B(t) = B(t) ∼

0

and so, the mathematical expectation of of service times is infinite.
We investigate the growth of q(t) that equals number of customers in
the system at time t. Then
X(t)

q(t) =

X

I (ηi > t − ti )

i=1

Denote
ξi = X (θi ) − X (θi−1 ) ,
λ=
Zt
β(t) =

τi = θi − θi−1 , i ≥ 1,

Eξ1
,
Eτ1

B(x)dx ∼ L(t)t1−∆

0

Theorem 1. Let

Eτ13

< ∞, Eξ14 < ∞. Then the sequence of processes

q(tT ) − λβ(tT )
qT∗ (t) = p
,
L(T )T 1−∆

t ∈ [0, h]

C-converges as T → ∞ to a gaussian process with zero mean and
correlation function
R(t, t + u) =

λ
((t + u)1−∆ − u1−∆ ),
1−∆

u ≥ 0, t, t + u ∈ [0, h]

Theorem 1 is a functional limit theorem for sums of random variables
with a random summation index. The proof of the theorem is greatly
complicated by the fact that the process q(t)is the sum of a random number
of dependent summands. And the summation index also depends on the
terms.
We first prove the theorem on the convergence of finite-dimensional
distributions, and then we verify the condition of the density of measures.
Proofs of both parts consist of several stages, such as majorization,
various estimates, and the application of the demi-martingale theory [3].
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