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Abstract. Markovian arrival process is a popular tool for modeling arrival
processes of stochastic systems such as queueing systems, reliability systems and
telecommunications networks. In this paper we describe the development of
Markovian arrival processes before 1990, the year which is considered by the
western research community to be the year of its introduction.
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1.

Introduction

Markovian arrival process (MAP) is a popular tool for modeling arrival
processes of stochastic systems. MAP is generalization of point processes
generated by transitions of Markov chains [1, 2]. Its properties can be
derived from the theory of two-dimensional Markov processes with homogeneous second component, developed in [3]. Properties of MAP were
studied in [4–12] under the name “arrival stream without after-effect driven
by a Markov chain” or simply “MC-stream”. In these papers a matrix representation for MC-stream was introduced, which made it easy to use it
in stochastic modeling. In parallel, starting from the paper [13] MAP was
also studied under the name “versatile Markovian point process”. Finally,
its name was settled at Markovian arrival processes in [14], as well as matrix representation used for MC-stream become common. In this paper
we show the development of the theory of Markovian Arrival Processes in
RUDN University before 1990.
2.

General Markovian arrival process

Consider a multi-type arrival process T = ((τn , cn )), where 0 ≤ τ1 ≤
τ2 ≤ ... are arrival times and σn ∈ {1, 2, ..., K} is the type
Pof arrival at time
τn . Let δi,j = 1 if i = j and δi,j = 0 otherwise, Nk (t) = τn ≤t δk,τn be the
counting process of type k arrivals and N(t) = (N1 (t), N2 (t), ..., NK (t)).
We say that a point process T is the (multi-type) Markovian arrival process if there exists random process X(t) with a finite state space X =
{1, 2, ..., L} such that Y (t) = (X(t), N (t)) is the time-homogeneous Markov
process with homogeneous second component [3], i.e. if for all 0 ≤ k ≤
n,i, j ∈ X and s, t ≥ 0 we have

P{X(s + t) = j, N(s + t) = n|X(s) = i, N(s) = k} = pi,j (n − k, t).
The following properties of MAP follow from general results in [3].
The phase process X(t) is the time-homogeneous Markov chain with
the matrix of transition probabilities
X
P(t) =
P(n, t),
n≥0

where P(n, t) = [pi,j (n, t)]. Consider matrices of transition rates A(n) =
[ai,j (n)] of the process Y (t),
1
1
lim (pi,i (0, δ) − 1), ai,j (n) =
lim pi,j (n, δ), i 6= j, n ≥ 0.
δ δ→0
δ δ→0
Matrices A(n), n 6= 0, are nonnegative, A(0) has nonnegative off-diagonal
elements, and the matrix A = [ai,j ] given by
X
A=
A(n)
ai,i (0) =

n≥0

is the generator matrix of the phase process X(t). We assume that the
generator A is irreducible and denote p = (pi ) the stationary probability
vector of X(t).
The counting process N(t) of Markovian arrival processes is the process
with independent increments driven by a Markov chain [3]. In [15] arrival
processes having counting process with independent increments were called
"arrival streams without after-effect". For this reason in some papers
Markovian arrival process was called "arrival stream without after-effect
driven by a Markov chain" until in 1978 during seminar in Moscow State
University G.P. Klimov proposed to call it shortly as "MC-stream".
3.

Simple Markovian arrival process

Simple Markovian arrival process is a single-type MAP characterized
by two nonzero rate matrices S = A(0) and R = A(1), while A(k) = 0,
for k ≥ 2. One can find properties of the simple MAPs in [7]. Simple MAP
can be interpreted as follows [8]. Let arrivals occur with probability ϕij at
each transition of the phase process X(t)from i to j and while X(t)is in
the state i arrival process is the Poisson with the rate λi . Such an arrival
process is a simple MAP with matrices S = [si,j ] and R = [ri,j ]given by
(
(
ai,j (1 − ϕi,j ), i 6= j,
ai,j ϕi,j , i 6= j,
si,j =
ri,j =
ai,i − λi ,
i = j,
λi ,
i = j.

Simple Markovian arrival processes have been used for the first time
in the study a finite queueing system that can be described by a Markov
chain (X(t), Y (t)), where X(t) is the phase process of a simple MAP and
the process Y (t) describes internal system state [11].
Counting process N (t)of the stationary MAP is asymptotically Normal
with mean M (t) = λt and variance
D(t) = (2q1 Ru − λ)t + 2(q2 Ru − λ) + o(1),
where λ = pRu, u is the column vector of all ones, and row vectors q1 and
q2 are unique solutions of the linear systems (1)
q1 A = p(λI − R), q1 u = 1, q2 A = q1 − p, q2 u = 1.

(1)

In [10] multi-server queueing systems with MAP arrivals and exponentially distributed service times with parameter µ were considered. Binomial moments of the stationary probability distribution of the number of
busy servers in the infinite-server MAP|M|∝ system is given by
bn = pG(µ)G(2µ) · · · G(nµ)u,
where G(s) = R(sI − A)−1 . For the MAP with diagonal matrix R formula (1) was derived in [4]. Stationary loss probability for finite-server
MAP|M|c|0 loss system is given by
1
gRu,
λ
where the row vector g is the unique solution of the linear system
!
!
c
X
n
g I+
G(kµ)G((k + 1)µ) · · · G(cµ) =
k−1
k=1
B=

= pG(µ)G(2µ) · · · G(cµ).
If the matrix R has the rank one then the MAP is the renewal process
of PH-type. If the vector p is the left or the vector u is the right eigenvector
of R then the MAP is the Poisson process [10].
4.

Multi-type Markovian arrival process

Simple multi-type Markovian arrival process is a generalization of simple single-type MAP . This version of MAP is characterized by K + 1
nonzero matrices S = A(0) and Rk = A(ek ), k = 1, 2, ..., K, where vector
ek has its k th component equal to 1 and all other components equal to
zero. Properties of the simple multi-type MAPs were studied in [11].

Recursive method for calculation loss probability for the system
MAP|M|c|0 with multi-type arrival process was given in [12]. Matrices
Ψk defined by the recursion
−1

1
, k = 1, 2, . . .
Ψ0 = 0, Ψk = I − (S + Ψk−1 R)
k
are nonnegative and satisfies the following inequalities
Ψk Ru ≤ ku, pΨk ≤ p.
Stationary time blocking probability E and type k call blocking probability
Bk
1
E = p(I − Ψc u, Bk =
p(I − Ψc )Rk u,
λk
where λk = pRk u is the arrival rate of type k calls.
5.

Conclusions

In this paper we show that the theory of Markovian Arrival Processes
was developed in RUDN University long before 1990, the year when the
paper [14] was published, and which is considered by the western research
community to be the year of the MAP introduction.
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