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Abstract. The mathematical model of cloud computing system based on the
queuing system with the splitting of the incoming queries and synchronization
of services is considered. The queueing system consists of a single buffer and N
servers (N > 2), service times are independent and exponentially distributed.
The incoming query enters the system as a whole and only before service is
divided into subqueries, each subquery is served by its device. The servers with
parts of the same query are considered to be employed as long as the query is
not serviced as a whole: the query is handled only when the last of it is out and a
new query may be served only when there are enough free servers (the response
time is the maximum of service times of all parts of this query). The stationary
probability-time characteristics of the system are presented.
Keywords: cloud computing system, splitting of incoming queries, queueing
system, response time, stationary probability-time characteristics.

1.

Introduction

This paper is devoted to the problem of cloud computing modeling [1].
There are several approaches to the cloud computing systems modeling.
For the first approach [3–6] the cloud computing system is modeled via
queuing system with K subqueues and each subqueue consists of a buffer
with one (several) server. The incoming query is divided into K subqueries
and each subquery enters the corresponding subqueue. On this approach
the Fork–Join [3, 4] and Split–Merge [7–9] models are based. The Split–
Merge model uses the idea of synchronization of servers (only when the
all subqueries of the same query finished servicing the new query will be
served). The second approach presents the cloud computing system as
queuing system with unlimited number of homogeneous servers [10, 11],
where the incoming query splits into several parts and each subquery is
served by one of the free servers.
Our mathematical model of cloud computing system may be considered
as general case of the second approach: the queuing system consists of N
servers, a buffer and the incoming queries are splitted only before the start
of the service. Also we use the idea of synchronization of services as in [7–9].

Our goal is to derive the analytical expressions for some probability-time
characteristics of introduced model.
The paper consists of following sections: the Introduction, the section
with system description for the general case (non-homogeneous servers),
the section for homogeneous servers where the main results are obtained,
in Conclusion the future goals are formulated.
2.

The system description for general case

We will construct the mathematical model as a queuing system with
N non-homogeneous servers (N > 2) and a buffer of size r ≤ ∞. The
incoming by a Poisson law with rate λ query enters the system as a whole
and only before the start of its service is divided into N subqueries, the
service time of each subquery has exponential distribution with rate µi ,
i = 1, N . The mechanism of synchronization is used — the servers with
parts of the same query are considered to be employed as long as the query
is not serviced as a whole: the query is handled only when the last part of
it is out and a new query may be served only when all servers are free.
The service time for a whole query — the response time η (the main
characteristic for cloud computing systems [2]) may be defined as maximum η = max(η1 , . . . , ηN ) [3–5] or as minimum η = min(η1 , . . . , ηN ) [12]
of times spent by subqueries. In [13] is shown that the analysis of queuing
models with the response time defined as minimum is equal to the analysis
of well-studied multiserver queuing systems [14]. So we will consider only
the case of maximum.
The probability distribution function (PDF) of η = max(η1 , . . . , ηN )
has the form [6, 13, 15]:
P {max(η1 , . . . , ηN ) < x} =

N
Y


1 − e−µi x .

(1)

i=1

For homogeneous servers (µi = µ, ∀i = 1, N ) the (1) takes the form:
N
P {max(η1 , η2 , . . . , ηN ) < x} = 1 − e−µx .
(2)
We will consider the random process ν(t) = {ξ(t), ~δ(t)}, ξ(t) is the number of queries in the buffer at time t, the vector ~δ(t) = (δ1 (t), . . . , δN (t))
describes the servers occupancy (δi (t) = 1 if the i-th server is occupied by
the i-th part of a query and δi (t) = 0 otherwise). The set of states is defined as X = {0} ∪ {I, (δ1 , . . . , δN )}, where I = 0; r, δ1 , . . . , δN take values
0 or 1. The probability P {ξ(t) = I, ~δ(t) = ~δ} is denoted as pI,~δ (t) and the
probability P {ν(t) = 0} = P {ξ(t) = 0, ~δ(t) = ~0} of system being empty as
p0 (t). The steady-state probabilities (on the assumption of steady-state
regime existence) are pI,~δ and p0 .

3.

The special case. Stationary probability-time
characteristics

Let’s assume that all servers are homogeneous, then we may redefine
the random process ν(t) as ν(t) = {ξ(t), δ(t)}, δ(t) — the number of
occupied servers for non-empty system. The steady-state probabilities are
p0 (the system is empty) and pi,j , i = 0, r, j = 1, N , for case when there i
queries in the buffer and j servers are occupied by subqueries, and satisfy
the following systems of equations (r = ∞):

λp0 = µp0,1 ,






 (λ + jµ) p0,j = (j + 1)µp0,j+1 , j = 1, N − 1,
(λ + N µ) p0,N = λp0 + µp1,1 ,
(3)




(λ + jµ) pi,j = λpi−1,j + (j + 1)µpi,j+1 , i ≥ 1, j = 1, N − 1,



(λ + N µ) pi,N = λpi−1,N + µpi+1,1 , i ≥ 1,
The normalization condition is:
p0 +

∞ X
N
X

pi,j = 1.

(4)

i=0 j=1

If we define the probability distribution πj , j = 0, N , of number of
occupied servers and probability distribution π̃i , i ≥ 0, of number of queries
in the buffer, then from (3) and (4) we obtain:

λπ̃0 = µ(p0,1 + p1,1 ),
(5)
λπ̃i = µpi+1,1 , i ≥ 1.
and


 π0 = p 0 ,
λ
,
 πj =
jµ

(6)

j = 1, N .

From (6) and normalization condition (4) for πj , j = 0, N ,the probability p0 is obtained:
N

p0 = 1 −

λX1
.
µ j=1 j

The estimation of p0 for the system with inhomogeneous servers:
N

1−

N

X1
X1
λ
λ
≤ p0 ≤ 1 −
.
min(µ1 , . . . , µN ) j=1 j
max(µ1 , . . . , µN ) j=1 j

If we define as ω(s) the Laplace-Stieltjes transformation (LST) of waiting time PDF for an arbitrary query, ωi,j (s) — the LST of waiting time
PDF for the incoming query when there are i, i ≥ 0, other queries in the
buffer and j, j = 1, N , servers are occupied, then:
ω(s) = p0 +

∞ X
N
X

ωi,j (s)pi,j = p0 +

∞
X

i
ωN
(s)

i=0

i=0 j=1

N
X

ωj (s)pi,j ,

(7)

j=1

where ωj (s) is the LST of PDF (2) for η = max(η1 , . . . , ηj ), j = 1, N , [15]:

ωj (s) =

j
X
i=1

4.
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Conclusions

The brief introduction to the mathematical model of cloud computing
system based on the queuing system with the splitting of the incoming
queries and synchronization of services was presented.
Our future goals are to evaluate probabilities π̃i (5), i ≥ 0, and pi,j (3),
i ≥ 0, j = 1, N , LST (7) for N homogeneous servers. We also will try to
generalize the model for case of N = αK servers, where K is a fixed number
of subqueries for a query. And, of course, the model with inhomogeneous
servers should be derived.
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