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1.

Introduction

We study asymptotic behavior of the multidimensional reliability function, see book [1],
P (u; c,Λ) := P(Qn,m ≥ cm u, m = 1, ..., d),
as u → ∞, for multidimensional aggregated reliability index {Qn,m , m =
1, ..., d}, components of vector c = {cm , m = 1, ..., d}, are positive coefficients of proportionality of theP
indexes. Reliability indices Qn,m are
n
defined as weighted sums Qn,m = i=1 λi,m Xi of basic indices Xi , which
are modeled by independent random variables having Weibull like tail distributions
p

p

P (Xi ≥ x) = gi (x)e−x = xαi `i (x)e−x , x ≥ 0,
where p > 1 and `i (x), i = 1, ..., n, slowly varying on infinity. The matrix
Λ := {λi,m , i = 1, ..., n, m = 1, ..., d} is the matrix of factors of the risks
being shared. We assume non-degeneracy of the aggregated reliability
index,
d ≤ n and rank Λ = d,
otherwise some indexes are linear combinations of other ones. Such schemes
are also used in financial and actuarial models for study ruin probabilities
of financial/actuarial portfolios.

From theory of slowly varying functions, see book [2], it follows that
we may and do assume in case when the densities exist, that, with some
other `i (x),
p

fi (x) = I{x≥0} pxαi +p−1 `i (x)e−x , i = 1, ..., n.
In case P (u; c,Λ) is absolutely continuous in u it makes a sense to
introduce the density of multidimensional reliability
d
P (u; c, Λ).
du
In case d = 1, p(u; c,Λ) is simply the probability density of the reliability
index.
The main tools of studies are Laplace saddle point asymptotic method
and Lemma of consistency of ruin probability.
p(u; c,Λ) := −

2.

One-dimensional case

We need a notation of shortened reliability indexes with some other
Xi0 s, with the same as above assumptions.
Q0k,m =

k
X

λi,m Xi0 , m = 1, ..., d, k = 1, ..., n.

i=1

Assume that

P(Xi0 ≥ x)
= 1, i = 1, ..., n.
x→∞ P(Xi ≥ x)
lim

Lemma 1 For any arbitrarily small δ > 0,
P(Qn,m ≥ cm u, m = 1, ..., d)
= (1 + o(1))P(Q0n,m ≥ cm u, m = 1, ..., d) + R(u; δ),
as u → ∞, with
R(u; δ) = O

n−1
X

!
P(Q0k,m

≥ (1 − δ)cm u, m = 1, ..., d)

k=1

as u → ∞.
In this section we evaluate the asymptotic behavior of
P (u; Λ) := P(λ1 X1 + ... + λn Xn ≥ u)
as u → ∞.

This problem is not new, it has been solved by several authors. Very
simple way can be performed, for example, using induction, a lemma of
Piterbarg, see book [6], and the above consistency Lemma 1.
Taking in mind multidimensional case, in order to show our geometrical
approach, we show in this simple case how to evaluate this asymptotic by
Laplace asymptotic method. Besides, some steps of the proof are used in
the case of d-dimensional case.
First assume that the risks Xi , i = 1, ..., n, have densities:
P(Qn ≥ u) = un

Z Y
n

p

gi0 (uyi )e−u

||y||p
p

dy,

C i=1

where gi0 (x) := pxαi +p−1 `i (x) is described above, and
( n
)
X
C :=
λi yi ≥ 1, yi ≥ 0, i = 1, ..., n .
i=1

The main steps of applying here Laplace asymptotic method are as following:
Pn
— First find the minimum of ||y||p := ( i=1 yip )1/p and the point of
minimum on C.
— Find the behavior of ||y|| at the point of minimum.
— Find an “informative” small compact subset of C.
— Finally compute an elementary integral.
Now just use Lemma 1 to pass from the absolutely continuous case to
the general one.
Theorem 1 Let X1 , ..., Xn be independent reliability indexes with tails (1)
and λi , i = 1, ..., n, are positive weights, then
(1 + o(1))(2π)(n−1)/2 pn/2−1/2
×
P (u; Λ) =
(p − 1)n/2−1/2
σ α+(n−1)p/2+1/2


n
αi +p/2
Y
1−p p
×
λi p−1 `i (u) uα+(n−1)p/2 e−σ u
i=1

Pn
Pn
p/(p−1)
as u → ∞, where α = i=1 αi , and σ = i=1 λi
.
Further, if the indexes have densities, then for the ruin density one
has,
d
p(u; Λ) = − P (u; Λ) = (1 + o(1))pσ 1−p up−1 P (u; Λ)
du
as u → ∞.

3.

Multidimensional case

Now we study the asymptotic behavior of multidimensional ruin probability. We have,
P(Q0n,m

n
Y

Z
> cm u, m = 1, ..., d) =

gi0 (xi )e−

P

xp
i

dx

uA i=1

= un

Z Y
n

p

p

Fi (uyi )e−||y||p u dy,

A i=1

with
A :=

( n
X

)
λi,m yi ≥ cm , m = 1, ..., d, yi ≥ 0, i = 1, ..., n .

i=1

We assume immediately that the risks have densities. It can be shown
that even in case d = 2 and p = 2, for some c1 , c2 , the residual in Consistency Lemma 1 has the same exponential order as the ruin probability.
Now we again are in a position to study the asymptotic behavior as
u → ∞ of the Laplace type integral.
Several remarks on the evaluation of the asymptotic behavior
of the above integral, see paper [5]
— In multidimensional case we are looking for the minimum of ||y||p
subject to y ∈ A. Denote the point of minimum by y0 , it can lie on
a hyperplane of dimension k ∈ [0, ..., d − 1] which is the intersection
of hyperplanes with equality signs in the description of A. Denote
by I ⊂ [1, ...d], the corresponding set of indices, so that |I| = k. We
see that this first Optimization problem is more complicated than for
d = 1 . We use here Lagrange multipliers.
— Now we use Taylor expansion at y0 to reduce our asymptotic study
to an integral with the quadratic form under the exponent. This Optimization problem 2 is also complicated! But we may use here the
results of E. Hashorva and J. Hüsler mentioned on Gaussian multidimensional tails, see paper [4].
— So, we have here two optimization problems, initially for Weibull like
density and then for Gaussian density.
This way leads to the main theorem on the asymptotic behavior of the
multidimensional ruin probability.
We formulate the main result for ruin probability of several portfolios
of Weibull like reliability indexes.
Theorem 2 Let X1 , ..., Xn , n ≥ d, be independent Weibull like random
variables (reliability indexes) having probability densities. Let the matrix
Λ has rank d. Then for the ruin probability (reliability function) we have:

1. In case |I| > 1,
n

(1 + o(1))(2π)(n−|I|)/2 PI Y 1−p/2 n− 1 np+α− 1 |I|p
2
√
y
u 2
×
(p(p − 1))n/2 det RII i=1 0,i
 p

n
Y
u
p−2
−1
×
`i (u) exp −
||y0 ||pp + ĉI , RII
ĉI
2 p−1
i=1

P (u; c,Λ) =

Pn
as u → ∞. Above we denoted α = i=1 αi , y0 = (y0,i , i = 1, ..., n) is
the solution to Optimization Problem 1, ĉ = (ĉI , ĉJ ) is the solution to
Optimization Problem 2, the index sets I, J ⊂ I, the constant PI , and the
matrix RII are defined in Hashorva-Hüsler Theorem.
2. In case |I| = 1, that is, I = {m0 }, the assertion of the above onedimensional Theorem takes place with changing λi on λi,m0 /cm0 or u on
cm0 u.
3. Further, for the ruin density,
p(u; c,Λ) = (1 + o(1))p||y0 ||pp up−1 P (u; c,Λ)
as u → ∞.
4.

Examples

1. The case d = 2 can be considered in details, here |I| = 1 or 2. Therefore the second optimization problem is reduced to consideration of onedimensional and two-dimensional Gaussian distributions.
2. Permutation symmetric Gaussian like (p = 2) indexes also can be
considered. It means that the asymptotic behavior of the ruin probability
does not depend on their permutations. In Gaussian case it simply means
that all non-diagonal elements of the covariance matrix are equal one to
another.
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