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Abstract. This paper is focused on the stability conditions of the multiserver
queueing system with heterogeneous servers and a regenerative input flow X(t).
The main idea is constructing an auxiliary service process Y (t) which is also a
regenerative flow and defining the common points of regeneration for the both
processes X(t) and Y (t). Then the traffic rate of the system is defined in terms
of the mean of the increments of these processes on the common regeneration
period. It allows to use well-known results from the renewal theory to find the
instability and stability conditions. The possibilities of the proposed approach
are demonstrated by examples.
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1.

Model description

We consider a multiserver queueing system with heterogeneous servers
and a regenerative input flow. We assume that the input flow is a regenerative one for three reasons. Firstly, a process describing the performance of the system under some natural assumptions turns out to be
a classical regenerative process [4, 11] and the renewal theory gives very
effective tools for asymptotic analysis of the system. Secondly, the class
of regenerative flows is rather wide. It includes recurrent, semi-Markov,
Markov-modulated, Markov-arrival flows and others [2]. Finally, a regenerative flow has some useful properties that make it possible to investigate
various applied models.
Our aim is asymptotic analysis of the multiserver queueing system with
(1)
(1)
a regenerative input flow X(t) with points of regeneration {θn }∞
n=1 (θ0 =
0) basing on synchronization of this flow and an auxiliary service flow
Y (t). This process is the number of customers which can be served up
to time t under assumption that there are always customers for service.
We consider the discrete-time as well as continuous-time queueing systems
(see [10]) and assume that Y (t) is a regenerative flow with points of regen(2)
(2)
eration {θn }∞
n=1 (θ0 = 0) and this flow does not depend on X(t). For the
discrete-time case Y (t) is an aperiodic regenerative flow, i.e. regeneration
(2)
(2)
(2)
period τn = θn − θn−1 has an aperiodic distribution
GCD{k : P (τn(2) = k)} = 1

(1)

(GCD - the greatest common divisor) and for the continuous-time case
Y (t) is a strongly regenerative flow. This means that the regeneration
(2)
period τn has a form
τn(2) = vn(1) + vn(2)
(2)
(2)

(1)

(1)

where P (vn > x) = e−δx (δ ∈ (0, ∞)), vn and vn are independent
(2)
(2)
(1)
random variables and Y (θn−1 + vn ) = Y (θn−1 ).
(1)
(1)
(2)
(2)
We also assume that Eθ1 < ∞, EX(θ1 ) < ∞, Eθ1 < ∞, EY (θ1 ) <
∞.
Then the rates λX and λY of these flows are limits w.p.1
X(t)
t→∞ t

λX = lim

(1)

=

EX(θ1 )

2.

(1)
Eθ1

Y (t)
t→∞ t

, λY = lim

(2)

=

EY (θ1 )
(2)
Eθ1

.

Synchronization of X(t) and Y (t)

We determine the common points of regeneration {Tn }∞
n=1 for X(t)
and Y (t) putting
in
the
discrete-time
case
n
o
S∞
(1)
(1)
(2)
Tn = min θj > Tn−1 : l=1 {θj = θl } , T0 = 0 and in the continuouso
n
S∞
(1)
(2)
(1)
(2)
(1)
time case Tn = min θj > Tn−1 : l=1 {θl−1 < θj ≤ θl−1 + vl } .
Lemma 1 Let for the continuous-time (discrete-time) Assumption (2)
(Assumption (1)) be fulfilled. Then the sequence {Tn }∞
n=1 consists of common regeneration points for X(t) and Y (t) and
(1)
(2)
E(Tn − Tn−1 ) = ET1 = δEθ1 Eθ1 < ∞ for the continuous-time case,
(2)
(1)
ET1 = Eθ1 Eθ1 < ∞ for the discrete-time case.
The proof is based on the renewal theory and Blackwell’s theorem [4, 11].
Let ∆Y (n) = Y (Tn ) − Y (Tn−1 ), ∆X (n) = X(Tn ) − X(Tn−1 ). Then
E∆Y (n)
E∆X (n)
, λY = E(T
. therefore the traffic rate
λX = E(T
n −Tn−1 )
n −Tn−1 )
ρ=

λX
λY

=

E∆X (n)
E∆Y (n) .

We define the stochastic flow Ỹ (t) as the number of customers really served
at the system during time interval [0, t).
Condition 1 The following stochastic inequalities take place
˜ Y (n) = Ỹ (Tn ) − Ỹ (Tn−1 ) ≤ ∆Y (n), (n = 1, 2, ...).
∆
Let Q(t) be the number of customers at the system including the customers on the service at time, i.e.
Q(t) = Q(0) + X(t) − Ỹ (t).
Condition 2 There are two possible cases:
(i) Q(t) is a stochastically bounded process, i.e.lim lim inf P (Q(t) ≤ x) = 1;
x→∞ t→∞

P

(ii) Q(t) −−−→ ∞.
t→∞

Let us define the event An = {Q(t) ≥ m for all t ∈ [Tn , Tn+1 ]}.

Condition 3 If Condition 2 (ii) takes place then for any  > 0 there
˜ Y (n)I(An ) ≥ E∆Y (n) −  for n > n .
is n such that E ∆
Here I(An ) is an indicator function for An .
3.

Stability and instability results
P

Theorem 1 Let Condition 1 be fulfilled. If ρ ≥ 1 then Q(t) −−−→ ∞.
t→∞

To proof Theorem 1 we introduce the embedded process Qn = Q(Tn −0)
and use the well known results for random walks [9].
Theorem 2 Let Conditions 2 and 3 be fulfilled. If ρ < 1 then Q(t) is
a stochastically bounded process.
Let us note that under some additional conditions Q(t) is a regenerative
process with points of regeneration {Tnk }∞
n=1 such that Q(Tnk − 0) = 0
(see [3]). Then Q(t) is a stable process when ρ < 1.
4.

Heavy-traffic situation

Here we focus on the limit theorem for the process Q(t) in the case
(2)
(2)
(1)
(2)
(1)
(1)
ρ ≥ 1. Denote ξn = X(θn ) − X(θn−1 ), ξn = Y (θn ) − Y (θn−1 ),
(i)
(2)
(i)
(2)
(1)
(2)
(1)
(1)
= θn − θn−1 , ai = Eξn , µi = Eτn ,
= θn − θn−1 , τn
τn
(i)
(i)
σξ2(i) = V ar ξn , στ2(i) = V ar τn , i = 1, 2; and put
2
σX
=

σ 2(1)
ξ

µ1

+

a21 σ 2 (2)
τ

µ31

−

(1) (1)
2a1 cov(ξn
,τn )
.
µ21

In evident notation σY2 is defined by the same formula.
Theorem 3 Let Condition 1 be fulfilled and
(i)

E(τ1 )2+δ < ∞,

(i)

E(ξ1 )2+δ < ∞,

i = 1, 2

for some δ > 0. Then for the case ρ > 1 on any limit interval [0, h] the
scaled process
Q(tT ) − λY (ρ − 1)tT
p
Q̃T (t) =
2 + σ2 )
T (σX
Y
converges weakly to the process of Brownian motion.
If ρ = 1 then
Q(tT )
Q̃T (t) = p
2 + σ2 )
T (σX
Y
converges weakly to the absolute value of Brownian motion process.
The proofs of these statements are based on well known results for
the renewal processes [5, 9], properties of regenerative flows [1] and ideas
from [7, 8].

5.

Example. Queueing system with interruptions of the
service

As an example, we consider a multichannel heterogeneous queueing
(2)
system with interruptions of the service (see [10]). Let {si,n }∞
n=1 be the
(1)

moments of breakdowns and {si,n }∞
n=1 be the moments of restorations for
the ith server. Here
(2)

(1)

(2)

0 = si,0 < si,1 < si,1 < . . . .
(1)

(1)

(2)

(2)

(2)

(1)

Then ui,n = si,n − si,n and ui,n = si,n − si,n denote the length of
the nth blocked and the nth available period of the ith server respectively
(1)
(2)
(i = 1, m). The sequence {ui,n , ui,n }∞
n=1 consists of iid random vectors (for
all (i = 1, m)) that do not depend on the input flow X(t) and service times.
(1)
(2)
Let ui,n = ui,n +ui,n be the length of the nth cycle for the server i. A cycle
consists of a blocked period followed by an available period. We assume
(1)
(1)
(2)
(2)
(1)
(2)
that Eui,n = ai < ∞, Eui,n = ai < ∞, ai = ai + ai (i = 1, m)
and put ni (t) = 0 if the ith server is in an unavailable state at time t and
ni (t) = 1 otherwise (i = 1, m).
We consider the preemptive repeat different service discipline that
means that the service is repeated after restoration of the server the new
service is independent of the original service time (see [6]). Service times
of the customers served by the ith server {ηin }∞
n=1 are iid random variables
and bi = Eηin < ∞.
(1)
(2)
Let N0 (t) = max{k : θk ≤ t}, Ni (t) = max{k : si,k ≤ t}, i = 1, m,
and assume that these counting processes are aperiodic ones. Then an
auxiliary process Y (t) introduced in Section 1 is an aperiodic regenerative
(2)
flow with points of regeneration {θn } defining by the relations
(
)
m
\
(2)
(2)
(2)
[Ni (t) − Ni (t − 1) > 0] , θ0 = 0.
θn = min t > θn−1 :
i=1

One may easily verify that
m

(2)

Y (t) X EHi (ui,1 )
λY = lim
=
t→∞
t
ai
i=1
where Hi (t) is the renewal function corresponding the sequence {ηin }∞
n=1 .
We get from Theorems 1 and 2
Corollary For the system under consideration

P

(i) Q(t) −−−→ ∞ if ρ ≥ 1;
t→∞

(ii) Q(t) is a stochastically bounded process if ρ < 1.
Remark This approach was also used for the stability analysis of the
queueing systems with a preemptive priority discipline.
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