UDC 519.2

Asymptotic Methods and Limit Theorems
A. V. Bulinski∗
∗
Department of Probability Theory,
Faculty of Mathematics and Mechanics,
Lomonosov Moscow State University,
Leninskie Gory 1, Moscow, 119234, Russia

Abstract. The talk is devoted to problems related to asymptotic analysis of
dependent functions constructed by means of arrays of independent observations.
Such functions are employed in statistics, e.g., in the framework of regression
analysis, and have a number of applications in medical and biological studies. A
new version of the conditional central limit theorem is established and applied
to data analysis. The feature selection problems are considered as well.
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1.

Introduction

We study the models described by systems of dependent random variables and discuss their applications. In the first part of the talk we prove
the conditional CLT for arrays of random variables. Conditional probabilities and conditional expectations play an important role in the modern
probability theory. It suffices to indicate the classes of Markov stochastic processes and random fields, martingales, conditionally associated processes and others. The concept of conditionally independent variables goes
back to A.A.Markov. The relationship between exchangeability and conditional independence was studied by B. de Finetti. Later, in the works
by B. K. L. Prakasa Rao, G. G. Roussas (see, e.g., [11] and [13]) and other
researchers, the classes of random variables possessing different forms of
conditional independence were considered. During the last decade, for such
classes the analogues of some classical limit theorems of probability theory
were established. In particular, we employ our conditional CLT ([5]) for an
extension of the recent result by L.Györfi and H.Walk [9] concerning the
regression function estimation. In the second part of the talk we discuss
the feature selection problems (see, e.g., [1]) and asymptotic behavior of
the corresponding statistics. We concentrate on the multifactor dimensionality reduction (MDR) method proposed by M.Ritchie and coauthors in
2001. The review [8] shows that more than 800 papers published between
2001 and 2014 were devoted to extensions, modifications and applications
of the initial idea. The development of our MDR-EFE (MDR - error function estimation) method ( [2], [4]) to stratified samples in the case of a
binary response variable, describing, e.g., the sick and healthy state of a
patient, is obtained. The study of stratified samples ([6]) is essential when

the disease probability is small. We establish a criterion of strong consistency of estimates, involving K-cross-validation procedure and penalty, for
a specified prediction error function. The generalization of the XOR-model
important for genetic data analysis is introduced. The cost approach is
proposed to compare experiments with random and non-random number
of observations. Analytic results are accompanied by simulations.
2.

Main results

Assume as usual that there exists a probability space (Ω, F, P) and all
random variables under consideration are defined on it. Let a σ-algebra
A be such that A ⊂ F. The events A1 , . . . , An are called conditionally
independent w.r.t. A or A-independent if
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here PA (A) := EA (I{A}) for A ∈ F, I{A} being an indicator of a set A,
and EA X stands for conditional expectation (when it exists) of a random variable X w.r.t. A. The A-independence of σ-algebras A1 , . . . , An
means that (1) holds for any Ai ∈ Ai , i = 1, . . . , n. The random vectors
X1 , . . . , Xn are A-independent whenever σ-algebras generated by these
vectors are conditionally independent w.r.t. A. An infinite system of
random variables is called A-independent if any finite collection of these
random variables possesses such property.
Clearly, (1) is valid for A = F. We obtain the classical definition
of independent events (σ-algebras, random variables) taking A = {∅, Ω}.
Independence of events (or random variables) can disappear if we take nontrivial σ-algebra A. At the same time some dependent events (or random
variables) could be considered as conditionally independent for an appropriate choice of σ-algebra A. The corresponding examples one can find
in [7], [11] and [13]. The relationship between conditional independence
and exchangeability is considered in Section 7.3 of the monograph [7].
The arrays with rows consisting of conditionally independent random
variables w.r.t. certain σ-algebras are studied. An analogue of the Lindeberg - Feller theorem known for systems of independent random variables
is established. This result is based on the theorem proved by D-M. Yuan,
L-R. Wei, L. Lei in [14] where the authors considered a sequence of random variables conditionally independent w.r.t. a given σ-algebra. They
were interested in a.s. convergence whereas our version of the Lindeberg
condition in a weak form (involving convergence in probability) is less restrictive. An application of the mentioned new result for arrays provides
an extension of conditions for asymptotic normality of the estimates of the
regression function second moment obtained in a recent paper by L. Györfi
and H. Walk [9].

The research direction combining probability, statistics and machine
learning for analysis of mathematical problems of feature selection is vastly
represented in literature along with various applications of this theory.
Let us consider a response variable Y depending on factors (features)
X1 , . . . , Xn . The challenging problem is to identify a collection of relevant factors Xk1 , . . . , Xkr such that Y depends on them essentially in a
sense. Quite a number of powerful methods were developed for different
models in the course of such investigations. Several new variable selection
procedures have emerged during the last 20 years. Note that many exhaustive, stochastic and heuristic methods to detect epistasis (in genetics) are
considered in [10]. In the paper by M.Ritchie et al. [12] the MDR method
was proposed to identify the relevant factors having influence on a binary
response variable. The review [8] demonstrates great popularity of the
method. One can mention the following versions of this method: MDR
method with independent rule, the generalized MDR (GMDR) method
employing the framework of generalized linear models for scoring in conjunction with MDR, the model-based MDR (MB-MDR) method which
allows a more flexible definition of risk cells than the application of MDR
techniques, the MDR pedigree disequilibrium test (MDR-PDT). GeneMDR method and a robust MDR method (RMDR) have been introduced
also among others.
We are interested in identification of a collection of relevant factors
which determine in a sense the behavior of a random response. For instance
a binary response 1 or −1 can characterize the state of a patient health
(1 means that a person is sick and −1 corresponds to healthy person).
In the study of limit behavior of the proposed statistics special attention
will be paid to using the versions for arrays of random variables the law
of large numbers and the central limit theorem, see, e.g., [3], [4] and [6].
We compare two approaches concerning the application of the MDR-EFE
method for different sample plans. The first one was described in [2] and
consists in the employment of nonrandom number of i.i.d. observations.
The second one is considered in [6] and involves the stratified sample.
More exactly, stratification means the separation of observations taking
into account the values of a response variable under consideration. We
will denote these methods as iMDR-EFE and sMDR-EFE, respectively.
To compare two approaches in the sense of the total cost of experiment
assume that there is a fixed amount of money C (C ∈ N) for research. Let
each observation (Xi , Yi ) cost 1 and let the ratio of the price of measuring
Y to that of X be w ∈ R+ . Since comparison for equal sample sizes is not
interesting, we consider the maximal sizes sind (C; w) and sstr (C; w) of the
samples which are available in experiments organized to apply iMDR-EFE
and sMDR-EFE, respectively.
We turn to the popular XOR-model to compare iMDR-EFE and sMDREFE. This model is used in genetics to describe epistasis without main
effects. Namely, let X = {0, 1, 2}n (0, 1, 2 correspond to the number
of minor alleles of a specified gene). Assume now that the components

of a random vector X = (X1 , . . . , Xn ) are independent and, for each
i ∈ {1, . . . , n}, there exists such pi ∈ (0, 0.5] that P(Xi = 0) = (1 − pi )2 ,
P(Xi = 1) = 2pi (1 − pi ), P(Xi = 2) = p2i . This situation is typical
for genome-wide association studies (GWAS) where each Xi corresponds
to a single nucleotide polymorphism (SNP) and pi is a minor allele frequency (MAF). We propose a generalization of the XOR-model described
in [15] to the case of more than 2 relevant factors. Fix a collection
{k1 , . . . , kr } ⊂ {1, . . . , n}. Set, for each x = (x1 , . . . , xn ) ∈ X,


γ, (xk1 + . . . + xkr ) mod 2 = 1,
P(Y = 1|X = x) =
0, otherwise
where γ ∈ (0, 1) and pk1 = · · · = pkr = 0.5. According to Lemma 3 of [6]
a response variable Y depends on (Xm1 , . . . , Xml ) where {m1 , . . . , ml } ⊂
{1, . . . , n} if and only if {k1 , . . . , kr } ⊂ {m1 , . . . , ml }. Thus (Xk1 , . . . , Xkr )
is a collection of relevant factors. In our simulations we employ the XORmodel of dependence between predictors and response variable to compare
iMDR-EFE and sMDR-EFE. In order to measure the method performance
power we use TMR (true model rate). It is shown in [6] that, for the fixed
total cost C a stratified sampling gives better results than independent
one.
We tackle also the problem of stability of feature selection methods. We
consider various stability measures (indexes) and discuss their properties.
3.

Conclusions

We mentioned some problems concerning the asymptotic analysis of
the specified stochastic models. Besides a survey the new results with the
sketches of their proofs will be provided in the talk. Special attention will
be paid to applications.
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